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WERE A TERRIBLE MATCH.
BUT IF WE SLEEP TOGETHER,
ITLL MAKE THE. LOCAL
HOOKUP NETWORK A
SYMMETRIC GRAPH.
T CANT ARGUE
WITH THAT.
J

!

Workshop on Graph Modification
23-24 January 2020, Bergen
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Delitsch’s Volksschulklasse
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participant observation
» 53 boys in 4th grade
school year 1880/81
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sociograms

Jacob L. Moreno: Who Shall Survive? Beacon House, 1953 [1934]

“A process of charting has been devised

by the sociometrists, the sociogram,

which is more than merely a method of presentation.
It is first of all a method of exploration.”
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http://dx.doi.org/unknown URL

graph theory

Harary & Norman: Graph Theory as a Mathematical Model in the Social Sciences

Ann Arbor: Institute for Social Research, 1953
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figure from:
Group structures and communication networks

in terms of the mathematical theory of graphs
(Harary & Norman, 1952)
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http://www.psc.isr.umich.edu/dis/infoserv/isrpub/pdf/Group_440_.PDF
http://www.psc.isr.umich.edu/dis/infoserv/isrpub/pdf/Group_440_.PDF
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complex networks

Watts & Strogatz (1998). Collective dynamics of ’small world’ networks, Nature 393:440-442
Christakis & Fowler (2007). The spread of obesity in a large social network over 32 years, New England Journal of Medicine 357:370-379
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network science

B., Robins, McCranie & Wasserman (2013). What is Network Science? Network Science 1(1):1-15

phenomenon

network model

emerging mathematical discipline (a particular kind of data science)
» mathematical network science
» computational network science

> applied network science


http://dx.doi.org/10.1017/nws.2013.2

theory?

David A. Whetten (1989). What constitutes a theoretical contribution?
Academy of Management Review 14(4):490-495

antecedents

conditions

what?
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consequences
outcomes

what?


http://dx.doi.org/10.5465/amr.1989.4308371
http://dx.doi.org/10.5465/amr.1989.4308371
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theory?

David A. Whetten (1989). What constitutes a theoretical contribution?
Academy of Management Review 14(4):490-495

antecedents how? consequences
conditions outcomes

who? where? when?


http://dx.doi.org/10.5465/amr.1989.4308371
http://dx.doi.org/10.5465/amr.1989.4308371
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research design

networks as explanatory / mediating / dependent variables

modeling analysis

outcomes

formation effect



research design

networks as explanatory / mediating / dependent variables

modeling analysis

effect

formation

longitudinal studies:

etk ) (networkc+ 1 )

outcomes
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research design

networks as explanatory / mediating / dependent variables

modeling analysis

formation effect

longitudinal studies: e.g., co-evolution of structure and behavior

behavior(t) ———————— | behavior(t + 1) | influence

outcomes
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social network analysis

old school

centrality roles

cp(i) = deg(i) i~j

ccli) = (Zdist(l,t))_1 %
f =)

w0 = VI

) = 3 ), cel)

=

-

—

N(i) = N()
[N(D]~ = [NO)]~
i=a(j)
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cohesion

dense subgraphs
iterated cuts

spectral partitioning

o\ 2
m(C) (Ecdeg(’))

Qe) = Z m 2m

C
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analytic categories

choose or refine method from a list of options

centrality
c: N>R

network roles
xeX? r:N—->N

cohesion
C Ck



http://dx.doi.org/10.1177/2059799116630650
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analytic pipeline

agenda: break down choices
centrality
c: N>R
preference
<

/

network transformation positions roles
xeX? y =1(x) ©0) r:N->N
similarity
.- . §
positional network analysis ~_
» locus of theory cohesion

» problem-specific analysis G- G

» small-scale hypothesis testing

> research program

B. (2016). Network positions. Methodological Innovations 9:2059799116630650 ¢


http://dx.doi.org/10.1177/2059799116630650
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http://dx.doi.org/10.1007/BF02289146
http://dx.doi.org/10.1007/BF02289146
http://dx.doi.org/10.1007/BF02289146
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lates vs. cl

1SO

Luce & Perry (1949).

A method of matrix analysis of group structure.

Psychometrika 14:95-116


http://dx.doi.org/10.1007/BF02289146
http://dx.doi.org/10.1007/BF02289146
http://dx.doi.org/10.1007/BF02289146
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isolates vs. cliques

density: (normalized) distance

m = |E| edges = edits
2
Tm = (deg) average degree
m _ (deg)

(n) p— both normalized

Luce & Perry (1949).
A method of matrix analysis of group structure.
Psychometrika 14:95-116


http://dx.doi.org/10.1007/BF02289146
http://dx.doi.org/10.1007/BF02289146
http://dx.doi.org/10.1007/BF02289146

ideal core-periphery structure

split graph: ex. V=CWw P s.t.
> G[C] clique
> G[P] isolates
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http://dx.doi.org/10.1007/BF02579333
http://dx.doi.org/10.1186/s13015-015-0043-7
http://dx.doi.org/10.1007/978-3-319-48749-6_13
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ideal core-periphery structure

degree sequence d; > ... > d,
corrected Durfee number A(G) = max{i : d; > i— 1}

n

d = hh-1+ > d

i=1 Jj=h+1

split graph: ex. V=CWw P s.t.
> G[C] clique
> G[P] isolates E


http://dx.doi.org/10.1007/BF02579333
http://dx.doi.org/10.1186/s13015-015-0043-7
http://dx.doi.org/10.1007/978-3-319-48749-6_13
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ideal core-periphery structure

degree sequence d; > ... > d,
corrected Durfee number A(G) = max{i : d; > i— 1}

n

d = hh-1+ > d

i=1 Jj=h+1
splittance: split edit distance (Hammer & Simeone, 1981)
n

h
%h(h—1)+2dj - ;d,

Jj=h+1

split graph: ex. V=CWw P s.t.
> G[C] clique
> G[P] isolates E


http://dx.doi.org/10.1007/BF02579333
http://dx.doi.org/10.1186/s13015-015-0043-7
http://dx.doi.org/10.1007/978-3-319-48749-6_13

ideal core-periphery structure

split graph: ex. V=CWw P s.t.
> G[C] clique
> G[P] isolates
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degree sequence d; > ... > d,
corrected Durfee number A(G) = max{i : d; > i— 1}

n

d = hh-1+ > d

i=1 Jj=h+1

splittance: split edit distance (Hammer & Simeone, 1981)

n

h
%h(h—1)+2dj - ;d,

Jj=h+1

NP-hard for multiple cores/peripheries, other densities
Bruckner, Hiiffner & Komusiewicz (2015)
B., Holm & Karrenbauer (2016) E


http://dx.doi.org/10.1007/BF02579333
http://dx.doi.org/10.1186/s13015-015-0043-7
http://dx.doi.org/10.1007/978-3-319-48749-6_13

the world trade network has a core-periphery structure

international trade
> in the year 2000
> only if > 10 billion US$

v

17 countries in core

v

16 edges missing in core

v

56 countries in periphery

v

23 edges appear in periphery

v

9% editing needed
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ideal centrality ranking
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http://dx.doi.org/10.1016/0378-8733(78)90021-7
http://dx.doi.org/10.1007/BF02289527
http://dx.doi.org/10.1080/15427951.2013.865686
http://dx.doi.org/10.1016/j.socnet.2004.11.008
http://dx.doi.org/10.1016/j.socnet.2005.11.005
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ideal centrality ranking
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A person located in the center of a star
is universally assumed

to be structurally more central

than any other person

in any other position

in any other network of similar size.

Freeman (Social Networks 1979) '


http://dx.doi.org/10.1016/0378-8733(78)90021-7
http://dx.doi.org/10.1007/BF02289527
http://dx.doi.org/10.1080/15427951.2013.865686
http://dx.doi.org/10.1016/j.socnet.2004.11.008
http://dx.doi.org/10.1016/j.socnet.2005.11.005
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to be structurally more central
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Freeman (Social Networks 1979)
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axiomatic: Sabidussi (Psychometrika 1966)
» invariance under graph isomorphisms

> edge addition and switching increase
centrality

Boldi & Vigna (Internet Mathematics 2014)

conceptual:

> flow processes
Borgatti (Social Networks 2005)
> radial and medial positions
Borgatti & Everett (Social Networks 2006)


http://dx.doi.org/10.1016/0378-8733(78)90021-7
http://dx.doi.org/10.1007/BF02289527
http://dx.doi.org/10.1080/15427951.2013.865686
http://dx.doi.org/10.1016/j.socnet.2004.11.008
http://dx.doi.org/10.1016/j.socnet.2005.11.005
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the essence of centrality

better relations = higher centrality

N(i) € N[j] = (i) < c(j)


http://dx.doi.org/10.1017/S0956792516000401
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the essence of centrality

better relations = higher centrality

N() C N[j] = «(i,t) < 2(j,t) = ¢(i) < c(j)

Schoch & B. (European Journal of Applied Mathematics 2016)

path algebra  7(s,t) = @ Xs, O+ O Xy yt

s—*t

O, ® decreasing semiring = neighborhood-inclusion respected E


http://dx.doi.org/10.1017/S0956792516000401

ideal ranking by centrality

Schoch, Valente & B. (Social Networks 2017)

N\
-

-\\

N &

completely ranked by
neighborhood-inclusion

)
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http://dx.doi.org/10.1016/j.socnet.2017.03.010
http://dx.doi.org/10.1007/978-3-662-48350-3_35
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ideal ranking by centrality

Schoch, Valente & B. (Social Networks 2017)

\ ° threshhold graphs
/'\\ /’<\. 1 n
de = 1=+ Z d;
i=1 j=1+1
/ /./.\° h E n
\/>\><T/ ‘%\././ ;d,. — h(h- 1)+j_zh+:]d,

completely ranked by
neighborhood-inclusion


http://dx.doi.org/10.1016/j.socnet.2017.03.010
http://dx.doi.org/10.1007/978-3-662-48350-3_35

ideal ranking by centrality

Schoch, Valente & B. (Social Networks 2017)
\'\ \

o
/\ — \.

N &

completely ranked by
neighborhood-inclusion
majorization gap, edge rotation
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threshhold graphs
1 n
D= 1-D+ > d
i=1 j=1+1

n

d = hh-1+ ) d

i=1 Jj=h+1

threshold edit distance NP-hard
Drange, Dregi, Lokshtanov & Sullivan (ESA 2015)


http://dx.doi.org/10.1016/j.socnet.2017.03.010
http://dx.doi.org/10.1007/978-3-662-48350-3_35

ETHzirich
how far from a threshold graph?
Mahadev & Peled (1995). Threshold Graphs and Related Topics.

corrected) conjugate sequences c_l,-= d>i-1:j=1,...,i-1}+|{d;=zi: j=i+1,...,n
g q lj j

equivalent to Erdés-Gallai inequalities:

k

3.9, d, 3, 3 4 ;d; < Hdi forallk=1,...,n—1
d X © o o o @ 5
d, e X ®© o @ 4
d; e o X o 3
A e o o X 3
d5 L] 1
d(, L] 1
d; ° 1

6 33321 18



http://dx.doi.org/

how far from a threshold graph?

Mahadev & Peled (1995). Threshold Graphs and Related Topics.
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corrected) conjugate sequences c_I,-= d>i-1:j=1,...,i-1}+|{d;=zi: j=i+1,...,n
g q lj j

dy dy ds dy ds dis

d
&
ds
dy
ds
ds
&

e o o o o
X o o o
e X o
e o X
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coNnje © e o o o X
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equivalent to Erdés-Gallai inequalities:

k

Zdi <

i=1 i=

splittance

threshold gap

H; forallk=1,...,n—1
1

= majorization gap
< 2x edit distance '


http://dx.doi.org/

how far from a threshold graph?

Mahadev & Peled (1995). Threshold Graphs and Related Topics.
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corrected) conjugate sequences c_l,-= d>i-1:j=1,...,i-1}+|{d;=zi: j=i+1,...,n
g q lj j
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open: edge rotation distance
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equivalent to Erdés-Gallai inequalities:

k

Zdi <

i=1 i=

splittance

threshold gap

H; forallk=1,...,n—1
1

= majorization gap
< 2x edit distance '


http://dx.doi.org/
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distance from threshold graph

Schoch, Valente & B. (2017). Correlations among centrality indices and a class of uniquely ranked graphs. Social Networks 50:46-54

replication of empirical study
Valente et al. (Connections 2003)

core-periphery networks
yield high correlation of centralities

— beware of generated data!

centrality correlation

majorization gap


http://dx.doi.org/10.1016/j.socnet.2017.03.010
http://dx.doi.org/

. . ETH:ziirich
ideal community structures

SRS
AR

X A
It

cluster editing is NP-hard
Shamir, Sharan & Tsur o
(Discrete Applied Mathematics 2004) E



http://dx.doi.org/10.1016/j.dam.2004.01.007
http://dx.doi.org/10.1016/j.dam.2004.01.007

. ETHziirich
brokered communities

Nastos & Gao (2013). Familial groups in social networks. Social Networks 35(3):439-450

threshold graphs:
» add universal vertex (top of ranking)

» or add isolated vertex (bottom of ranking)


http://dx.doi.org/10.1016/j.socnet.2013.05.001
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brokered communities

Nastos & Gao (2013). Familial groups in social networks. Social Networks 35(3):439-450

edit distance NP-hard

quasi-threshold graphs:
» add universal vertex (top of hierarchies)
» or add isolated vertex (new hierarchy)

> merge two quasi-threshold graphs (separate hierarchies) j


http://dx.doi.org/10.1016/j.socnet.2013.05.001

facebook communities
B., Hamann, Strasser & Wagner (Proc. ESA 2015)

facebook friendships
> CalTech in 2005
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http://dx.doi.org/10.1007/978-3-662-48350-3_22

facebook communities
B., Hamann, Strasser & Wagner (Proc. ESA 2015)

facebook friendships
> CalTech in 2005

> skeleton of nearby
quasi-threshold graph

ETHzirich


http://dx.doi.org/10.1007/978-3-662-48350-3_22
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facebook communities at CalTech in 2005 lived under one roof

B., Hamann, Strasser & Wagner (Proc. ESA 2015)

facebook friendships
> CalTech in 2005

> skeleton of nearby
quasi-threshold graph

> vertices colored
according to dorm



http://dx.doi.org/10.1007/978-3-662-48350-3_22

. ETH:ziirich
summary: ideal structures

2K;-free

(2K2, C4, P4)—free (C4, P4)—free E
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conclusions

> social networks: network science applied in social domain

observations on intersecting dyads

. .
! abstraction repra i !

. . J—» network concept ] — > (network data !
dependencies yield structure [ ‘

delineated by substance, not methods network model
> first principles: ideal structure as reference point

graph modification to assess deviations

new models for measurement error?

> generalizations: positional approach suggests new problems

graph modification effects on indirect relations (distance, connectivity, etc.)
effects of homogeneity assumptions on graph modifications (extrinsic, automorphic. etc.)
graph modification and non-binary dyad variables (multiplex, signed, valued, temporal, etc.)
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